Abstract-Surface defects in manufacturing often exhibit particular spatial patterns. These patterns contain valuable information about the manufacturing process and can help to identify potential root causes. In this paper, we present a new method to detect the point patterns that consist of multiple line segments. The basic idea is that by using the Hough transformation, we convert the point pattern detection problem into a simple point matching problem. Compared with the existing point pattern matching methods, the proposed method does not require training data and is relatively easy to implement and compute. The details of the detection algorithm are presented and the parameter selection and performance evaluation of this method are investigated. Case studies are presented to validate the effectiveness of this method.
I. INTRODUCTION
A SPATIAL point pattern (SPP) is a set of locations randomly distributed within a designated 2D or 3D space. SPP represents critical quality characteristics in various manufacturing processes. For example, surface defects on many products such as hot rolled steel bar and slab [1] , semiconductor wafer [2] , and glass [3] critically impact the product quality and process yield. In the emerging micro/nano processes, the particulate defects, which refer to nano/micro scale particles on the product surface that cause open or short circuit, is the important limiting factor of the process yield [4] . In composite fabrication, the distribution of the reinforced particles in the base material directly impacts the mechanical property of the product [5] , [6] . Because SPP is a crucial indicator of quality in many processes, it is highly desirable to establish systematic quality control methodologies directly based on modeling and analysis of SPP data.
Generally, surface defects can be categorized into two types [7] , [8] : 1) globally scattered random defects, which are also known as background noise, caused by natural variation of manufacturing processes, and 2) locally clustered defects due to certain assignable causes. For example, the line segments on wafers can be caused by scratches during material handling and edge ring on wafer surface may be due to chemical stains. Since the assignable causes normally generate defects systematically, the detection of specific patterns of surface defects can often provide valuable information about the root causes. In the conventional quality control approaches, analysis of SPP data has been limited to highlevel summary statistics. For example, statistical monitoring is realized by using various control charts based on the total count of defects on a surface area. For instance, c chart is often used to monitor the total number of defects with the underlying assumption that the number of defects follows Poisson distribution. An alarm will be raised when the number of defects falls outside the control limit [9] , [10] . Control charts are conceptually intuitive and convenient to use, but they cannot provide information about specific spatial patterns of the defects since only the count data are used as monitoring statistics.
Beyond the statistical process control approaches, some techniques have been developed to detect the clustering and/or specific geometric patterns in the distribution of surface defects. These methods can be categorized into two types: (1) Spatial statistic based methods. In these methods, spatial statistic theory is adopted to model and analyze the nonrandom clustering patterns of defects. For example, Friedman et al. [11] developed a model free estimation method to detect any clustering of surface defects on wafer. Jeong et al. [12] developed an automatic identification method based on spatial correlogram and dynamic time warping. The presence of clusters of defects can be detected in all of these methods. However, these methods are not designed to distinguish specific spatial patterns. In other words, they lack the ability to identify the geometric shape of a defect pattern. (2) Data mining methods. Neural networks, classification, fuzzy rule-based inferences and clustering methods are the most commonly used techniques in this category [13] - [22] . In these methods, the template pattern is learned from a training dataset and then the learned rules are used to detect the template pattern in the newly collected surface defects data. One issue of these methods is that they typically need a relatively large training dataset that contains the specific template patterns. However, such training datasets are often costly to obtain in practice. Zhou et al. [23] recently proposed a control chart method to detect the existence of simple geometric patterns in surface defects by using the conventional Hough Transform. However, that method requires that the patterns can be described by a simple analytic function, such as a line or circle. It lacks the ability to detect arbitrarily complex defect patterns.
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In this paper, we propose a new detection method to detect the existence of an arbitrary template consisting of multiple line segments in a SPP based on the Hough Transformation (HT). The HT is a commonly used feature extraction technique for analytical shapes, such as lines, circles and ellipses. The traditional HT method can only detect an object that can be described by an analytic equation. The Generalized Hough Transformation (GHT) is further developed based on the HT to detect arbitrary shapes [26] . The way the GHT works is to construct an R-table to store parameters (φ, r, α) of every edge point (X, Y) on an arbitrary pattern according to an arbitrarily selected reference point (X c , Y c ), where φ is the tangent angle of the edge point, r is the length between (X, Y) and (X c , Y c ), and α is the angle between the line segment with endpoints (X c , Y c ) and (X, Y) and the horizontal line. Based on the R-table, the observed defect points can generate votes to different potential reference locations (X c , Y c )s. The one with the highest vote will be determined as the detected reference location. Once the reference point is located, the position of the shape is determined and detected. The detailed algorithm of GHT can be found in [26] . Even though the GHT has played an important role in generalized shape detection since it was developed, it has the limitation for its substantial computational and storage requirements [25] . The limitation becomes acute when object orientation and scale have to be considered, since the rotation angle and the scaling factor are two more parameters that need to be decided by trying all possible situations. In general, the GHT needs to construct an R-table and go through a four dimensional matrix (two dimensions for the position of a reference point and the other two are referred to rotation and scaling) to detect the existence of the shape, which requires a large storage space and extensive computation for a 2D arbitrary shape. To overcome the limitation of the GHT, we propose a HT-based pattern detection technique without the construction of the R-table. Instead, for both of the given template and the observed defect point pattern, the HT is used to extract information about the Hough parameters, i.e., information about angles and distances for each line segment. Then the parameters from the template and that from the observed defect point pattern are compared and matched through two key steps: angle matching and distance matching. This method can also detect any transformation of the defect pattern, i.e., shifting, scaling and rotation from the position of the template. Compared to existing techniques, this method has the following characteristics: (i) It focuses on detecting a specific spatial pattern with a given template shape instead of only detecting the existence of defect clusters. (ii) The method has the capability to detect any irregular patterns consisting of multiple line segments. In this paper, we also provide a design procedure for easy implementation and performance evaluation.
The rest of the paper is organized as follows. Section II states the problem formulation and a brief introduction of the HT. A fundamental lemma is also presented in this section. Section III presents the detailed algorithm of the proposed method. Section IV provides a performance evaluation. Section V presents a case study to illustrate and validate the method. Section VI concludes the paper and discusses the possible future work.
II. PROBLEM FORMULATION AND THE BASIC MATCHING PRINCIPLE
For the sake of clarity, we shall introduce some terminologies first. A template is an arbitrary shape formed by solid lines. An example of a 4-edged polygon template is presented in Fig. 1(a) . Note that a template is not necessarily to be a closed polygon. A defect map is a binary image consisting of randomly distributed black points (i.e., defects) on a white background. The points could be globally scattered random points, known as background noise, and locally clustered points, known as defective regions. In Fig. 1(b) and (c), two defect maps corresponding to the 4-edeged template with different sizes and rotation angles are shown. Without loss of generality, we assume the points in the background noise and the defective region are completely random distributed with density parameter λ 0 and λ 1 , respectively, where the density can be viewed as the number of points in a unit area. Furthermore, the width of the defective region is denoted as w as shown in Fig. 1 .
The problem can be formulated as follows. Assume there is an n-edged template. We want to determine if there are defective regions in a defect map that are identical to the shape of the template with an arbitrary transformation T including rotation, scaling and shifting. Mathematically, the transformation of a point located at (x, y) can be described as:
where α is the rotation angle around the original point, s is the scaling factor and v = ( x, y) is the translation vector. Thus, T can be denoted as T α,s,v . For example, the defective regions in Fig. 1(b) and (c) are geometrically identical to the template in Fig. 1(a) with different angle rotations and scaling factors. The problem is to detect the existence and to identify the best line segments in the defect map for a given template. The basic idea of the proposed method is based on the Hough Transformation, since it has a strong capability in detecting lines. Therefore, we shall briefly introduce the principles of the HT for line detection in the next section. 
A. Introduction of the Hough Transformation for Line Detection
The Hough Transformation transfers a point from the physical domain to a curve in its parameters' domain. A line in x − y plane can be uniquely defined by its distance ρ from the origin and the angle θ of its norm as:
where θ is restricted within [0, π] . This parameterization maps every line in x − y plane to a unique point in θ − ρ plane. For a point P 0 at (x 0 , y 0 ), it will be mapped to the parameter plane as a sinusoidal curve defined as:
Therefore, for points lying on the same line in x − y plane, their corresponding sinusoidal curves in θ − ρ plane will pass through a common point, which is the parameters of the line. Based on this mapping relationship, a voting process can be designed to detect collinear points in x −y plane, i.e., to detect any line patterns in the physical domain. In θ − ρ plane, the θ -axis and ρ-axis are divided into small intervals with equal length δθ and δρ respectively. Thus, the voting score of each pair of parameter (θ, ρ) is equivalent to the number of intersections of sinusoidal curves in each cell. A Hough matrix is then defined based on this voting process and peak value is defined as the highest voting score of each element in the matrix. In x − y plane, the voting score of (θ, ρ) is equivalent to count how many points are in a strip with width δρ, where the strip is located in x − y plane with a distance ρ and an angle θ . A strip in x − y plane with parameters (θ, ρ) is called a Hough strip in this paper. An example of this voting process is illustrated in Fig. 2 .
B. Basic Principles for Template Matching Based on the Hough Transformation
Mathematically, the HT-based template matching problem can be stated as follows. Let The problem is to find a subset (θ s , ρ s ) of size n in θ and ρ such that the parameters set (θ 0 , ρ 0 ) can be matched under an arbitrary transformation T. To solve this problem, we need the following lemma. :
where (L1) θ 0 i = θ 0 i − α for a clockwise rotation, and (L2)
Assume the rotation is in the clockwise direction. We define (x i , y i ) is the intersection point between the orthogonal line of the ith edge going through the original point and the ith edge. Thus, we have
An α rotation will result in the position changing from
,
We have:
Multiply this equation by
x i cosθ 0 i , we have:
For the case x i = 0, i.e., θ 0 i =90 • , we have x i =y i sinα and y i =y i cosα, equivalently, we have:
Note that, the scaling and shifting process have no impact on angles, i.e., tan(θ 0
. Thus, (L1) is proved. To see (L2), considering one line from Eq. (1), we have:
The equation has the following structure:
after the transformation T. Regroup (3), we get
Thus, the new distance after transformation equals to:
This derivation can be applied to every line of the template. Thus (L2) is proved. Based on Lemma 1, two steps (i.e., the angle matching based on L1 and the distance matching based on L2) for the template matching can be designed as follows.
1) Angle Matching:
A subset of n elements satisfying (L1) needs to be selected from θ . One possible way is to try all possible rotation angles α. However, this method is time consuming. An easy result can be derived based on (L1), that is
This invariant property can be used to select sets of candidates in the parameter set (θ , ρ). To achieve this, we first sort the template angles θ
, and then an angle difference vector can be defined as
). Further, we can obtain the differences between any two elements of θ and put them in the matrix M θ as,
Please note that we do not need to sort θ to obtain M θ . The jth candidate set θ j ⊆ θ is then defined as
is the kth element of θ j , and t θ is an allowance parameter. The reason of using an allowance parameter in the matching is that because of the random distribution of points, it is impossible for an exact match. The rotation angle of the jth set can be estimated as Table I .
Details of the angle matching algorithm are presented in
After the angle matching procedure, if there is no candidate set being selected, we can claim the non-existence of the template pattern in the defect map. If multiple candidate sets survive the angle matching, then a checking based on the property (L2), called the distance matching, can be carried out as follows.
2) Distance Matching: Assume the set θ j is selected after angle matching. The corresponding set of distance parameters is denoted as
is a pair of parameters of a detected line in the defect map by the HT. Because the rotation angle α of each candidate set has been estimated in the angle matching procedure, the other two transformation parameters s and v can be determined for T α,s,v by minimizing the difference in the origin-line distance between the template and the detected line segments as:
where 
The goal is to find a transformation T α j ,s j ,v j that minimize the sum of squares of the differences, i.e., i (ρ
, which has an equivalent matrix form as shown in (4) .
Since this is a standard least square optimization problem, a closed form solution of the optimal z j can be obtained by
where D j T and D j −1 are the transpose and inverse of the matrix D j respectively. Thus, we can apply this optimization procedure to all the candidate sets that survive the angle matching and return the smallest value among all d * j s. If the returned value is smaller than a threshold t ρ , then we claim a matching is found. Intuitively, the distance matching is to check the 'fitness' between the candidate shape and the template which is under scaling and shifting.
In this section, we presented basic principles of two critical matching steps, the angle matching and the distance matching. To successfully implement this pattern matching strategy, several parameters such as t θ , t ρ need to be selected. The complete implementation of the algorithm and the parameters design issues are discussed in details in the following section.
III. PARAMETER SELECTION FOR THE PATTERN MATCHING ALGORITHM
In this section, we first present the entire flow of the pattern matching algorithm as shown in Fig. 3 . The template and the defect map are the inputs to the algorithm. For both images, The HT is used to detect the line segments in the template and the defect map. To apply the Hough transformation, we need to select the HT parameters (δθ, δρ) for the template and the defect map, respectively. Because the template is formed by solid lines, it is straightforward to identify all the line segments in the template with parameters (θ 0 , ρ 0 ). However, for the defect map, we need to establish a couple of thresholding parameters, i.e., p λ 0 and t p , to detect the line segments. Particularly, if the highest voting score H p in the Hough matrix is smaller than a threshold p λ 0 , we claim the defect map containing background noise only. To further reduce the influence of background noise, if the voting score of a cell at (θ, ρ) is higher than t p , then we treat the corresponding line with parameters (θ, ρ) as a candidate. The parameters (θ, ρ) formed by all the candidates will be used in the angle matching and the distance matching. As discussed in Section II, thresholding parameters t θ and t ρ are used in these two matching steps. We claim the existence of the template pattern in the defect map if there are candidates surviving these matching steps.
Strategies of how to select the parameters used in the algorithm are discussed in details in the following subsections. For the illustration purposes, we will use a pattern matching example as shown in Fig. 1 throughout the discussion. In this example, the template is a 4-edged polygon as shown in Fig. 1(a) and two defect maps with parameters (λ 0 = 500, λ 1 = 6000, w = 0.02) as shown in Fig. 1 
A. Selection of the Parameters (δθ and δρ) for the Hough Transformation
Because the template is given in the form of solid line segments without background noise, it is straightforward to choose the HT parameters for the template and these parameters will not significantly impact on the resulting detected line segments in the template. Thus, we will focus on the HT parameter selection for the line detection in the defect map. The selection of the HT parameters for the defect map needs more consideration for the following reasons: (1) If δθ and δρ are too small, then the Hough matrix will be large, which will in turn lead to a large matrix M θ m×m in the angle matching step. Roughly, the angle matching step needs m n calculations to detect all possible candidate sets. When m is getting larger, the computational cost increases dramatically. (2) On the other hand, if δθ and δρ are too large, then the resolution of the line detection will be low and a misdetection of the template may happen. It is very difficult, if not impossible, to identify the optimal values for δθ and δρ for general line detection scenarios. Here we provide some heuristic guidelines on the HT parameters selection. Intuitively, if a Hough strip (as illustrated in Fig. 2(b) ) that corresponds to a single cell in Hough domain passes the defective region and overlaps with the defective region in the largest possible way, then the value difference in the corresponding cells between the case with the defective region and that without the defective region will be large. As a result, the defective region will be easier to detect. Furthermore, it can be expected that the orientation of a Hough strip that has a large overlapping region with the defective region will be aligned better with the defective region than that of partially overlapped Hough strips. As a result, the orientation of the defect region can be detected more accurately, which will in turn lead to more accurate detection. In other words, for the defect pattern that indeed matches with the template, then we will have higher detection rate; while for a defect pattern that does not match with the template, it becomes easier for us to reject. The parameters (δθ and δρ) determine all the possible locations and orientations of the Hough strips. Based on the above intuition and noting that the defective region is completely randomly distributed, we can obtain the approximated upper bounds for δθ and δρ.
We define a Hough strip is fully overlapped with a defective region if the upper and lower bounds of the strip are crossing the short edges of the rectangular defective region. The extreme of the fully overlapped case is when a strip passes through the corners of a defective region as shown in Fig. 4(a) . We define the angle between the strip and the defective region in this extreme case as β (a geometry illustration in Fig. 4(a) ), 1, 2, . . . , i.e.,
for a value k, the minimal value |θ − kδθ| is no larger than δθ 2 . Define the optimal k value to be k * .
Then we have the following Lemma. Lemma 2: For a defective region with length l and width w and its centerline is arbitrarily located at (ρ, θ ), a sufficient condition to have a fully overlapped Hough strip with the defective region is:
Proof: The proof is illustrated directly by the Fig. 5 . If two parallel lines which have the minimal absolute angle difference, i.e., |θ − k * δθ| with the defective region, are crossing the diagonal corners of the defective region, then the distance between the two parallel lines equals to Fig. 5 . Thus, if δρ is no larger than half of the distance, then there will be at least one Hough strip which is fully overlapped with this defective region regardless the position of the defective region. where i is the index of the defective regions in the template. This will guarantee that we will have fully overlapped Hough strips for any of the defective regions in the template.
(2) |θ − k * δθ| ≤ β. By the inequality in (5), δρ is smaller than half of the distance between the two parallel lines. Thus, the angle |θ − k * δθ| between the defective region and its fully overlapped Hough strip with width δρ is not extremely fully overlapped.
(3) We can see that lim δθ→0 |θ − k * δθ| = 0. This means that the sufficient condition of a fully overlapped strip with the defective region becomes δρ ≤ w 2 as δθ → 0. This is consistent with the intuitive observation. Note if δθ is chosen to be 1
• , the absolute angle difference |θ − k * δθ| will be no larger than 0.5
• . In most practical cases, this is regarded as a small angle. Thus, we can approximately select δρ ≤ w 2 for the parameter δρ when δθ≤ 1
• . In the example and the following simulation discussion, we select δθ = 1 • and δρ = w/2.
B. Selection of the Thresholds (p λ 0 and t p ) for Line Detections in Defect Map
As described at the beginning of this section, we employed a two-step procedure in order to select a candidate set of detected lines for the following angle matching and distance matching. In the first step, we check if there are lines in the defect map. To achieve this, we follow the common practice in the HT-based line detection approach [17] : we check if the peak value H p of the Hough matrix of the defect map is larger than a threshold value p λ 0 . If not, then we claim that the voting scores in the Hough matrix are due to the background noise and there are no lines in the map. The value of p λ 0 can be identified as follows. We denote H 0 as the peak value of the Hough matrix when there is only background noise with parameter λ 0 in the defect map. It is clear that H 0 is a random variable. The distribution of H 0 can be obtained through Monte Carlo simulations. With the distribution of H 0 , we can determine p λ 0 as the αth quantile of H 0 , i.e., P(H 0 ≥ p λ 0 ) = 1−α. Typically we select α as a small number, say 0.1.
In the second step, we check the number of lines in the defect map. It is obvious that the long defective region is easier to be detected compared to the short ones because the long defective region corresponds to a large voting score in the Hough matrix. Thus, in this step, we should make sure that the short defective regions in the template can be detected with high probability. To achieve this, we establish a threshold value t p such that if h θ i ,ρ i ≥ t p , then we say the line with parameters (θ i , ρ i ) exists in the defective map. Here (θ i , ρ i ) is the ith pair of parameters after the HT and h θ i ,ρ i is the voting score of (θ i , ρ i ) in the Hough matrix. The value of t p is determined in a relative sense as t p = rH p , where H p is the peak value of the Hough matrix and r is a constant. The value of r is selected such that the shortest line in the template can be detected with a high probability. Specifically, assume (θ i , ρ i ) and (θ j , ρ j ) are the parameters for the longest and shortest line segment in the template, respectively and h θ i ,ρ i and h θ j , ρ j are the Poisson random variables that correspond to the voting scores in the Hough matrix. Then r can be selected as
Based on (6) and setting t p = r · H p , we will have at least 90% chance to detect the shortest line segment in the template. The probability function in (6) does not have a closed form. However, a straightforward Monte Carlo simulation can be used to identify the value of c. Specifically, we can generate random values through Monte Carlo simulation for h θ i , ρ i and h θ j , ρ j according to their Poisson distribution parameters l i swλ 1 and l j swλ 1 respectively, and calculate the ratio h θ j , ρ j /h θ i , ρ i , here s is the scaling factor. A distribution plot of the ratio can be achieved and c can be determined from the plot. Please note that, since λ 1 λ 0 , the background noise has little effect on the final result of r.
Considering the example given in Fig. 1 . The empirical probability mass function of H 0 is obtained through 1000 runs of Monte Carlo simulation and is given in Fig. 6(a) . Based on this probability function, we can find the 0.1th quantile value of H 0 to be 13. Furthermore, the function of P(h θ j , ρ j > c·h θ i , ρ i ) is obtained through 1000 runs of Monte Carlo simulation. From this function, we can determine r to be 0.26. Finally, we can determine p λ 0 = 13 and t p = 0.26·H p for this example problem.
C. Selection of t θ and t ρ in the Angle and Distance Matching
Because the defect map is formed by random points, it is impossible to have a perfect match in the angle and distance parameters between the template and the observed defect map. Thus, allowances are needed for the angle and distance matching.
The following lemma can be used to determine the threshold of the allowance t θ in the angle matching.
Lemma 3: For two defective regions with centerlines located at (θ 1 , ρ 1 ) and (θ 2 , ρ 2 ), and any two Hough strips that are fully overlapped with the two defective regions, respectively, the angle difference between these two Hough strips is no larger than:
where
is the angle between the shorter defective region and the fully overlapped strip in the extreme case. Proof: Without loss of generality, we can assume the two Hough strips have the angle values of θ 1 + |θ 1 − k * 1 δθ| and θ 2 − |θ 2 − k * 2 δθ|, respectively. We have
However, from the remark (2) of Lemma 2, we know max{|θ 1 
Thus, the lemma is proved. From Lemma 3, we can see that 2β is likely the largest difference between the true angle difference and the detected angle difference of two defective regions, because intuitively the Hough strips that are fully overlapped with the defective regions are likely to be detected. Thus, for a template with multiple defective regions, we can select the threshold t θ = 2max i β i , where i is the index of defective regions.
It is quite difficult to derive the threshold t ρ in the distance matching. Because the distance is measured from the original point, the difference between the true distance and the detected distance of a defective region is related with the location of the defective region in the defect map. For the sake of simplicity, here we ignore the errors in the detected angle of the defective region. Thus, for a defective region, the maximum difference between the true distance and the detected distance can be as large as w/2. Further, since t ρ is the threshold for the accumulated distance detection error for all the defective regions in the template, we can select t ρ = √ nw/2, where n is the number of defective regions in the template.
Note that t θ depends on the length of edges in the template and t ρ depends on the number of edges and the width of the defective region. For a template with the larger number of edges, its threshold t ρ is larger. In the example in Fig. 1 , we select the threshold t θ = 6
• and t ρ = 0.02 according to the above guidelines. In the example in Fig. 1(b) and (c), the two defect maps have the same densities λ 1 = 6000, λ 2 = 500 and the common width w = 0.02 with different rotation angles α = 30
• , 50
• and scaling factors s = 0.8, 0.5, respectively. The HT parameters used in the detection are δθ = 1
• and t ρ = 0.02. The numerical results are shown in Table II and the final graphical detections are in in Fig. 7 . d * and s * are the minimal distance difference and the optimal scaling factor calculated in the distance matching process. α * is the rotation angle calculated in the angle matching process. The results validate the accurate detection of the pattern detection algorithm. In the next section, a performance evaluation is presented.
IV. NUMERICAL STUDY AND PERFORMANCE EVALUATION
In this section, we first present the performance evaluation results for the proposed point pattern detection method. For a pattern detection algorithm, the performance is often evaluated through Type I error probability and the Type II error probability, where Type I error probability refers to the false alarms (i.e., the probability that we claim the existence of a template pattern in the defect map when in fact the template pattern does not exist) and Type II error probability refers to the misdetection (i.e., the probability that we do not detect the truly existing template pattern in the defect map). Besides Type I and Type II error probabilities, detection power is also used to evaluate the performance of a pattern detection algorithm. The detection power refers to the probability that we detect a truly existing template in the defect map. Clearly, detection power is actually 1 − Type II error probability.
The factors that influence the detection performance and the comparison between the proposed method and the GHT on the detection of arbitrary shapes will also be discussed in this section.
A. Type I Error and the Detection Power of the Proposed Method
Due to the complexity of the algorithm and the random distribution of the template and defect map, it is intractable to establish closed form expression of evaluation indices for a given scenario. Here we use an extensive numerical study to illustrate the performance of the algorithms and the impacts of various factors on the performance. In the numerical study, the Type I error and the detection power of the algorithm are investigated for the various templates with n = 4, 6, 8 edges and with scaling factor s = 0.5, 0.8 and different λ 0 s, λ 1 s. The detailed simulation procedure is showed in Table III. One point we would like to mention that in
Step (2), we require the minimum length of the edges of the template to be at least 0.3. The reason is that if the edge length is too small, it is difficult for the Hough transformation to detect that edge at the first place. In simulation study, the template and the input parameters can be designed easily. In practice, the template shape and the values of l, w, λ 1 and λ 0 can be decided by looking at typical defect patterns in the historical data or by physical analysis of the fault modes based on engineering experiences. For example, it is known that some optical system errors in a semiconductor manufacturing process will cause specific defect patterns on a wafer. Another example is that chattering in a metal cutting process will leave specific waviness patterns on the finished workpiece. So with physical understanding of the fault modes of a process, the template pattern could be established. Furthermore, the values of l, w, λ 1 and λ 0 can also be obtained by looking at the historical data. λ 1 and λ 0 are the densities of the defective regions and the background noise. They can be calculated by using the number of defect points divided by the area of defective regions and the entire defect map respectively. For l and w, they can be measured from the template, which is identified from the historical data. Through extensive simulation, we can obtain the following Type I error probability and the detection power for various parameter combinations in Table IV .
From these results, we have the following remarks.
1) Regarding the Detection Power:
It is not surprising that the detection power is directly related with the difference between λ 1 and λ 0 . The larger the difference, the higher the power. This is certainly expected because the higher value of the rate λ 1 , the more significant contrast between the defective region and the background noise. Fig. 8 includes several defect maps with different λ 0 s and λ 1 s, which clearly illustrates the above point. Besides λ 0 and λ 1 , the detection power is also influenced by the number of edges in the template and the scaling factor. As the number of edges increases, the detection power decreases. This is not surprising because if p i is the probability of detecting the ith edge of the template, then i p i is roughly the probability to detect all the edges of the template. As n gets larger, this probability gets smaller. The detection power increases as the scaling factor s gets larger. The reason is that in general, a larger defective region is easier to be detected.
2) Regarding the Type I Error Probability: The numerical study results show that the Type I error probability is quite small for all cases. We investigate the numerical results in more detail and find that about 90% of the defect maps that do not contain the template are rejected at the angle matching step, i.e., there are no angles in the detected θ parameters that can form a vector containing n components such that θ ∈ [ θ 0 −t θ , θ 0 +t θ ]. For any candidates that pass the angle matching step, the distance matching is also an effective step to differentiate the shape of the defective regions and the template pattern. For example, Fig. 9 shows a case that a defect map passes the angle matching step but fails at the distance matching step. In Fig. 9 , thin lines represent the template's shape and thick lines are the shape of defective regions. Since for each thin line, there is a thick line which is almost parallel with it, the thick lines can pass the angle matching step. However, these two shapes can't be fitted very well for any transformation value s and v due to the fact that they are not in a similar shape. To be more specific, two shapes are the same if one of them can be transformed into another shape by a translation, rotation, and scaling transformation with the same scaling factor in both x and y directions. Thus, a large distance difference value will be obtained between two different shapes even they share the same interior angles.
B. Discussion of Other Influential Factors
Variations of other parameters besides λ 1 and λ 0 will also influence the performance of the proposed detection method. 
TABLE V SIMULATION RESULTS OF TYPE I ERROR OF DIFFERENT SCALING FACTORS FOR y-AXIS
In this subsection, the impacts of the scaling factors s x and s y on the x and y axis respectively and the width w of defective regions are discussed.
1) Influence of Different Scaling Factors on x-and y-axis:
In Section IV-A, the performance evaluations are conducted for the same scaling factor s in both the x and y directions. In order to investigate the impact of the scaling factor, a further simulation study has been conducted with the scaling factor of x axis s x fixed to be 0.8 and the scaling factor of y axis s y chosen as 0.8, 0.75, 0.7, 0.6 and 0.5. The defect pattern will be regarded different from the template when s y = 0.8. Examples are shown in the Fig. 10 . As we can see from these examples, the shape of defect pattern with s y = 0.75 has very little difference compared to that with s y = 0.8. The differences are becoming more obvious as s y decreasing. Based on this observation, it's reasonable to expect that the Type I error of the detection will decrease as s y getting smaller from s x . The simulation results (see Table V ) verify our expectation and indicate that the Type I error is reasonably small when s y < 0.7. Note that, when s y = s x = 0.8, the Type I error becomes the detection power because the defect pattern in fact matches the template in this case. In this simulation study, simulation parameters λ 1 = 6000, λ 0 = 500, n = 4, 6 and w = 0.02 are used.
Note that, the scaling factor s or (s x , s y ) are all smaller than 1 in the simulation studies. In practice, we can always scale the defect map first to make it small before we apply the detection method. So we only discussed the case of s < 1 in the paper for the sake of simplicity. The situation of s > 1 will not cause any extra issue for the algorithm.
2) Discussion of the Influence of the Widths of Defective Regions:
In previous simulation studies, the width w are fixed to be 0.02 for all defective regions for the sake of convenience. On average, the number of defect point in each defective region is slwλ 1 . As w decreasing, the number defect points due to the defect region gets smaller and the defect region will just looks like the background (this is similar to the case when λ 1 is decreasing). Thus, we shall expect a lower detection power with a smaller value of w. In fact, if w is extremely small, then the detection method will not be able to differentiate the defective region with the background noise. On the other hand, if w is very large, then the defective regions will cover a large space in the defect map with density λ 1 , which will benefit the detection power. However, this will lead to a large Type I error. This is not surprising because with a larger defect region, a larger number of line segments will be detected and will lead to larger number of false alarms in the pattern detection step. A simulation with parameters λ 1 = 6000, λ 0 = 500, s = 0.8, and n = 4 is conducted to investigate the impact of this scenario. In the simulation, w is taken value as 0.01, 0.05 and 0.1. The simulation results are presented in Table VI. The result is consistent with the intuition. There could also be a situation that the widths of the edges of the defect pattern are different. In Section III, δρ is designed to be no larger than w/2 in order to guarantee that at least one Hough strip is fully overlapped with each defective region. If the widths of defective regions are different, in order to reach the above criteria, we need to have δρ = min(w i )/2 to insure the defective region with the smallest width being fully overlapped with a Hough strip. Since δρ is selected to accommodate the defective region with the smallest width, there may be multiple Hough strips with width δρ fully overlapped with defective regions that have larger widths. Thus, one can expect multiple patterns with small variations from each other will be detected by the proposed detection method.
C. Comparison with the Generalized Hough Transform (GHT)
In this subsection, the proposed detection method is compared with the GHT, which is a popular method in detecting arbitrary shapes. The details of the GHT algorithm can be found in [26] . The comparison results are presented in Table VII. From these comparison results, we can see that the proposed method has higher detection power and has a faster speed than GHT in detecting patterns consisting of multiple line segments. In addition, in this comparison, the scaling and rotation are not considered in the GHT (i.e., s = 1, and α = 0 o ). If these two transformations are involved, the detection power of GHT will further decrease and the average running time will increase due to that two more parameters s and α need to be calculated in the detection.
V. CASE STUDY FOR WAFER DEFECT PATTERN DETECTION
In this section, we shall use a case study for wafer defect pattern detection to demonstrate the effectiveness of the proposed method. Wafer defect distributions and yield patterns are an important source of information about the performance of a wafer production line [13] . Under normal working condition, the spatial distribution of the defects on the wafer is typically pure random and does not exhibit any systematic pattern. The systematic distribution pattern often indicates the existence of an abnormal condition. For example, the defects may distribute in a circular or semi-circular region near the edge of the wafer [13] . The potential root cause of this pattern is the damage of the die during yielding. In this section, we apply the proposed pattern detection method to detect such pattern. We would like to point out that although the true template is circular in shape, we can certainly use multiple line segments to approximate the shape and use the approximation line segments as the template. Actually we can significantly expand the applicable field of the proposed method through this approximation.
The defect maps used in this case study is shown in Fig. 11 . Fig. 11(a) is generated using a real defect map from [13] . Fig. 11(b) and (c) are generated numerically through simulation based on the characteristics of the observed distribution characteristics in practice [14] . Specifically, in generating the defect maps, we set the background noise λ 0 = 50 in a 1x1 unit square, the defective rate λ 1 = 500 for the circular defective region with width w = 0.10. In this case, the total points in Fig. 11(b) and (c) are 139 and 120 respectively compared with the 117 points in the Fig. 11(a) . To detect the defect pattern, we create a template consisting 5 line segments with the same length l = 0.5 to approximate the semi-circular pattern. The template is shown in Fig. 11(d) .
The numerical results of the pattern detection are the following. Based on the parameter selection method discussed in Section III, the HT parameters of the detection are designed as δθ = 1
• and δρ = w 2 = 0.05. The threshold t p of the peak value equals to t p = rH p = 0.61 × 27 ≈ 17, i.e., pairs (θ, ρ) with voting score smaller than 17 will be not be considered. The threshold t θ = 10
• and t ρ = 0. and is with the smallest distance difference is chosen as the final result, and the graphical result is presented in Fig. 12(a) . Similarly, Fig. 12 (b) and (c) are the graphical results of the two simulated cases. The results show that the proposed pattern detection algorithm can effectively detect ring patterns in wafer defect maps.
In the above case study, a 5-line segment template is used to approximate the ring defects pattern. However, we could also use smaller number of line segments, e.g., 4 or larger number of line segments, e.g., 8, to approximate the original template. A tradeoff needs to be considered in determining the number of line segments used. The tradeoffs contains the following two aspects. On one hand, it is obvious that to accurately approximate a continuous pattern, we need large number of line segments with small length. For example, in this case, an 8 line segment approximation will give us better approximation to the ring-type of defect pattern. On the other hand, a template with large number of short lines will impact on the detection power. As we have discussed in Section IV-A, a shorter edge will contain relatively less defects which will increase the difficulty in detection. Furthermore, as the number of edges increases, the detection power decreases. From this detection power point of view, an approximation using smaller number of line segments is better.
A simulation is conducted to confirm this understanding. In this simulation, we present three alternative template approximation for the circular defects with 5, 4 and 8 edges respectively. Simulation parameters λ 1 = 500, λ 0 = 50, w = 0.1 and s = 1 are used. The results of the simulation are presented in Table VIII .
From the results, we see the template with 5-line segments has a higher detection power than the 8-line segments template, while lower than that of the 4-line segments template.
Due to the above mentioned trade-off, if the precise shape of the template is not critical (e.g., for the cases that different fault modes lead to quite different fault patterns), then a rough approximation with small number of line segments is preferred. However, if the precision shape is required, then a careful analysis should be conducted to approximate the shape to a required accuracy level with smallest number of line segments. This is an interesting topic and a further research on this tradeoff is needed in the future.
VI. CONCLUSION
In this paper, we proposed a HT-based method to detect point patterns that consist of arbitrary line segments. The basic idea is to convert the line pattern detection problem in physical domain into the problem of detecting multiple points in Hough domain. The detection is attained through two critical steps, the angle matching and the distance matching, which allows arbitrary rotation, scaling, and translation of the pattern. Based on the simple intuition that a line is most likely to be detected if a Hough strip fully overlaps with the defective region, a detailed discussion on how to select tuning parameters of the algorithm, such as δθ, δρ, t p , t θ , t ρ , and p λ 0 are provided. An extensive numerical study shows that the detection method performance well in terms of both Type I error and the detection power if the defective region has reasonable size and the contrast between the defective region and the background noise is reasonably large.
Future extensions of this proposed method could be mainly in the following two directions. One is to detect template pattern in defect map which contains more than one template patterns. Because the two templates could have different rotations, translations, and scalings, we cannot simply combine the two templates into one. Also, the potential interaction between the two patterns will increase the difficulty of detection. The other direction is to relax the constraint that the template must consist of line segments and extend the HT-based detection method to detect arbitrary shapes. In the case study for wafer defect detection, we showed that we could use multiple line segments to approximate a circular shape. More systematic investigation of this idea is needed. For example, using more edges will approximate the arbitrary shape better; however, adding more difficulties in the detection process. On the contrary, an easier detection will lead to a non-proper approximation. The trade-off between the approximation and the detection will be studied in the future.
